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Thermonuclear reaction rates of alpha capture on light nuclei during the stellar 
nucleosynthesis are critical for the formation of the building blocks of life and 
the evolution of the universe ( the production of #ÁÒÂÏÎ-12, /ØÙÇÅÎ-мсΣ ΧύΦ 

The rates also determine the size of the iron cores formed in Type-II supernovae, 
which results in the ultimate fate of the collapsed remnant into either neutron 
star or black hole.   

Χ ƭƻǿ ŜƴŜǊƎȅ ƴǳŎƭŜŀǊ ǎŎŀǘǘŜǊƛƴƎ ŀƴŘ ǊŜŀŎǘƛƻƴ ǇǊƻŎŜǎǎŜǎ ǊŜƭŜǾŀƴǘ ŦƻǊ ǎǘŜƭƭŀǊ 
astrophysics 
Á Scattering of alpha particles.     (Å (ÅO (Å (Å  

 
Á Triple- alpha reaction.     (Å (Å (Å O # ɾ 

 
Á Alpha capture.      # (ÅO / ɾ 

                    ể 

Ab initio scattering and reactions 



***Deuteron is the heaviest projectile in ab initio calculations of 
scattering on a heavier target that have been achieved. 

QMC calculations of neutron-  hscattering.  
Nollett, Pieper, Wiringa, Carlson, & Hale, PRL 99, 022502 (2007). 

Ab Initio Many-Body Calculations of n-ἒ , n-ἒἭ, p-ἒἭȟ, and n-ἌἭ  Scattering. 
Quaglioni & Navratil, PRL 101, 092501 (2008). 

Ab initio many-body calculations of the ἒἬȟἶ ἒἭ and ἒἭἬȟἸ ἒἭ fusion. 
Navratil & Quaglioni, PRL 108, 042503 (2012). 

Elastic proton scattering of medium mass nuclei from coupled-cluster theory. 
Hagen & Michel PRC 86, 021602 (2012). 

Coupling the Lorentz Integral Transform (LIT) and the Coupled Cluster (CC) Methods 
Orlandini, G. et al. , Few Body Syst. 55, 907ς911 (2014). 

Ab initio scattering and reactions 



It remains a challenge to address important processes relevant for stellar 
astrophysics 
Á Scattering of alpha particles.     (Å (ÅO (Å (Å  

 
Á Triple- alpha reaction.     (Å (Å (Å O # ɾ 

 
Á Alpha capture.      # (ÅO / ɾ 

                    ể 

Ab initio calculations of scattering and reactions suffer from the 
computational scaling with the number of nucleons in clusters. 

Ab initio alpha-alpha scattering 
S.E., Lee, Rupak, Epelbaum, Krebs, Lähde, Luu, & Meißner. 
arXiv:1506.03513 

Ab initio scattering and reactions 



Lattice effective 
field theory 



ὥͯ ρ-ς ÆÍ 

Nucleons 

Lattice effective field theory 

Lattice effective field theory  is a powerful numerical method formulated 
in the framework of effective field theory.  

ὒ 



Effective field theory organizes the nuclear interactions as an expansion in 
powers of momenta and other low energy scales such as the pion mass. 

Lattice effective field theory  is a powerful numerical method formulated 
in the framework of effective field theory.  

Ordonez et alΦ ΩфпΤ  
Friar & Coon Ωфп; 
Kaiser et al. ΩфтΤ  
Epelbaum et al. ΩфуΣΩлоΣΩлрΤ 
Kaiser Ωфф-Ωлм; 
Higa et al. ΩлоΤ Χ 

Fig. courtesy E.Epelbaum 

Lattice effective field theory 



Borasoy, Epelbaum, Krebs, Lee, Meißner, Eur.Phys.J.A34:185-196,2007 

ÅTwo spin-1/2 particles scattering. 

Borasoy, Epelbaum, Krebs, Lee, Meißner, Eur.Phys.J.A35:343-355,2008 

ÅThe LECs by fitting the experimental NN scattering data  

Two-body scattering on the lattice 

ὴᴆ 



Nuclear lattice EFT collaboration 
PRL 106 (2011) 192501; PRL 109 (2012) 252501; PRL 110 (2013) 112502; PRL 112 (2014) 102501. 

Nuclear lattice EFT 
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ὥͯ ρ- ς ÆÍ 

Lattice effective field theory ς Euclidean time projection 

Nucleons 

ὒ 
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Å evolve nucleons forward in 
Euclidean time. 

Å allow them to interact 

ὥͯ ρ- ς ÆÍ 

Lattice effective field theory ς Euclidean time projection 

Nucleons 

ὒ 



Lattice effective field theory ς Euclidean time projection 

Á The evolution in Euclidean time automatically incorporates the induced 
deformation and polarization of the  clusters as they come near each other.  
 

Å The deformation and polarization are due to the interactions of individual 
nucleons between the two clusters, as well as repulsion due to the Pauli 
exclusion principle for identical fermions. 



Lattice simulations 

Transfer matrix operator formalism ὓ  ḊÅØÐὌ ‌ Ḋ 

Ὄ Ὄ ὠ  Microscopic Hamiltonian  

Ὄ
ρ

ςά
 ὦ ὲ ς ὦ ὲ ὦ ὲ ὰ ὦ ὲ ὰ  

The free Hamiltonian with the simplest discretized dispersion relation 

ὤ Ὀ᷿ὧ Ὀὧz ÅØÐ Ὓὧȟὧz 4Ò ὓ  

Lee,Phys. Rev., C78:024001, (2008); Prog.Part.Nucl.Phys., 63:117ς154 (2009) 

Creutz, Found. Phys. 30 (2000) 487  

The exact equivalence of several different lattice formulations.  

Ὡ  ÌÉÍ
ᴼ
ὤ Ⱦὤ  



Lattice Monte Carlo calculations 

Chen, Lee, Schäfer, PRL  93 (2004) 242302 

ȿ‪ᴆȟᴆ † ÅØÐὌ † ȿ‪ᴆȟᴆ  

Ὄ  acts as an approximate and inexpensive low energy filter at few first/last 

time steps. Significant suppression of sign oscillations. 

ὤ ‪ᴆȟᴆ †Ⱦςȿ‪ᴆȟᴆ †Ⱦς  

The amplitude 

† ὒ ‌ 

ὤַײȟ ‪ᴆȟᴆ †Ⱦςȿַײȿ‪ᴆȟᴆ †Ⱦς  

For the observable ַײ  

For time steps in midsection, the full Ὄ  Hamiltonian is used. 

ȿ‪ᴆȟᴆ †Ⱦς ÅØÐὌ †Ⱦςȿ‪ᴆȟᴆ †  

ײַ ȟ ÌÉÍ
ᴼ
ὤַײȟ Ⱦὤ  

Hybrid Monte Carlo sampling 



Lattice Monte Carlo calculations 

ὤ ‪ᴆȟᴆ †Ⱦςȿ‪ᴆȟᴆ †Ⱦς  

The amplitude is 

ὤַײȟ ‪ᴆȟᴆ †Ⱦςȿַײȿ‪ᴆȟᴆ †Ⱦς  

For the observableַײ 

Higher order calculations  
ȡÅØÐὌ  ‌ ȡ 

ȡÅØÐὌ ‌ ȡ 

ײַ ȟ ÌÉÍ
ᴼ
ὤַײȟ Ⱦὤ  

The observable ַײat NLO 
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Lee,Phys. Rev., C78:024001, (2008); Prog.Part.Nucl.Phys., 63:117ς154 (2009) 

Each nucleon evolves as if a single particle in a fluctuating background of pion 
fields and auxiliary fields. 

Using a Gaussian integral 
identity (ί is an auxiliary 
field coupled to particle 
density.) 

 

Auxiliary Field Monte Carlo 
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