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Basiantroductiormand LTD

Theoreticamotivation

A WhencomputindR-safe observables divergencegancelcombininghe
real and virtualcorrectiongKLNtheoren)

A ForIRsingularitiegphasespaceintegrals of real radiation should
originatethe samestructurethat appear in Feynmanintegralsfor loop
diagrams:> Looptreetheorenis

Virtualcorrections I Realcorrections

(loopintegral} (PSintegral}
qu dD—l@* - qu o
PolecancellatioAFTER /—{QW)D /{QW}D—IQQG = f{gw]g@”}ﬁ (¢°) 6(%0)
performingealvirtual
iIntegrald I Renormalizatiasounteterms
(¢ polestimedeadingorde)
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Basiantroductiormand LTD

Dual representatiorof one-loop integrals

Loop (1) / /
SR (p1,---,DN) HGqu, H o T

integral

Dual (1) Sum ofphase
integral (p1, .-, pN) Z / (4i) 11_[7& Gp(a:; 4j) spaceintegrald
J J 71T

0(qi) = 12w 0(qi.0) 0(q? — m?)

1
GD(Q’MQ) — ;
@ —ms —i0n(g; — qi)
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7 Evenat higher-
orders the number
_ z"': 57— |of cutsis equalthe
= numberof loops
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Cataniet al, JHEP09(2008)065; Rodrigo et al, JHEP02(2016)C



Basiantroductiorand LTD

i |ldea: «Sunoverall possibld -cuts»but witha modified prescriptior )
A Apply Cauchyodos residue theorem to

N
L™ (p1, pa, Pw}—/ ]dt}n HG% = ] f dqo HG(QJ:—?M] Y Res{m <o)
q JO i—1 q

A Computdheresiduen the poleswith negativeimaginarypart:

N

Rﬂﬂ{i—th pole} [H G {1? ] RD‘E’{? th pole} G(ql)] H G(qj)

L J# = {i—th pole}

1
1 . —
ReS (it pole) ] / dao 6 (¢?) {H (4) Il 7=

2 + 10 jFi {i—th pole} J#i
Putonsheltheparticle Introductiof «dualpropagators (' prescription
crossedy thecut a future or lightlike vector)

Cataniet al, JHEP09(2008)065; Rodrigo et al, JHEP02(2016)C



Basiantroductiorand LTD
6 [Derivation(generaltacts)

A Itiscruciako keeptrackof theprescriptionDualityrelationinvolveghe
presencef dual propagators

N

N
L{N}(plvp?!"'!pﬁ) — _/ g i !
] 2 0@ ]1 q; —107(q; — &)

i=1 j=1

j#i

A Theprescriptiorinvolvesa future or lightlike vector érbitrary) andcoulddepend
ontheloop momentdat 1-loop isalwaysindependenbf q). It is related with the
finite value ofi0 inintermediatesteps

A Connectiowith Feynman Tree Theodrral prescriptionencodes the information
contained irmultiple cuts

A Implemena shiftin eachtermof the sum tdhavethe samemeasuretheloop
integralbecomes phasespaceintegral!

A Theunificatiorof coordinatesllowsa cancellatiorof singularitieamongdual
component&JV andsoft collineadivergencesemaining

Cataniet al, JHEP09(2008)065; Rodrigo et al, JHEP02(2016)C



LTD/FDWpproach

Motivation and introduction

A Twodifferentkindsof physicakingularitiedJV and IR

A IRdivergencesmasslegsangle —
k cr s 0 "
LY (py.py, —ps) = Gplg) = ——— [ 22—
(P1. P2 —P3) /f.!:! r(4;) EES”( e
IR pole S

IDEA: Define goroperMOMENTUM MAPPING generateREAL EMISSION
KINEMATICS, and use REAL TERMfslgslocal IRcountertermd

A UVdivergenceshubble with massless propagators

2e
Lm (p, —p) fH(__'_; (q:) = en ﬁ[_pg_tﬂj—c
UV pole ::

IDEA: Definean INTEGRAND LEVEL REPRESENTATION of standaodibter
terms and combineat with the DUAL REPRESENTATION of virteaind

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160: JHEP10(2016)



LTD/FDUpproach

- 8 | Generalstrategy
4 To find the dual representation of Feynman integrals, we follow some ste

v If there are only single poles, we replace standard propagators with dual ones
Otherwise, we compute the residue and remove the energy integral:

Res (f,20) = (nfl)! [i:__ll((zzn)ﬂf(z))]zzm ) / dgi Res (IJ,TGF@J'%%B))

v Parametrize momenta; for instance, fe¥2lprocesses we used

o= @(1,0,0,1)
\Qﬁ y € [—1,1]
512

Py = S5 (1,0.0.-1) > &o € [0,00) Scalar

¢ = &,D\/SE (15 /1 —ygé},y) y=1-—2v variables
in the massless case (analogous expressions when massive particles are prese
Vv Factorlze/;[?ezgeeisure irddnensions IMPORTANTWe implemerthe

Aol = T =g 1 i dio methodvithinDREG testablisla

d[v;] = (vi(1 — v;)) "¢ do; comparisowithtraditionalresults

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160: JHEP10(2016)



LTD/FDUpproach

~ 9 [IRsingularities

~

i Reference example: Massless scalaipiiréddunction in the tirlike region

3
Ccr $12 :
LM (p1,p2, —ps) = fEHGF(%) == (—— — 10
i=1

1

I = — [ di& o] dlvi] &g (01 (1 — 1)) 7!
512

L= [ dioldp =)

: - 52’0K
-1, 1 oo Toregularize
I3 = — [ d[&3,0] d|vs] — threshold

5 . 512 1+ &30 — 10

singularity

A Thigntegralis U\Ainite (power counting thereare only IRsingularities
associatedo softand collinearregions

A OBJECTIVERefine alRregularizedoop integral by adding real correctiora
integrand level (i.e. no epsilon should appear, 4D representation)

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160: JHEP10(2016)



LTD/FDUpproach

Locationof IR singularitiesin the dual-space

A Analize the dual integration region. It is obtained as the positive energy
solution of then-shellcondition

Gilg)=a—mi+i0=0 EEE) o =*y/a?+m?—i0

A Forward (backward on-shell
hyperboloidsassociatedvith
positive (negativg energy
solutions 0.0
Degeneratdo lightconedor
massleggropagators

N Dualintegrand®ecome 7
.| singular atntersectiorno sl
’ “;,{ \ or moreonshellpropagatory  _,,

0.5

-0.5

lo

-1.0

N

[/ /f N 4 Ms
-3 -15 -1.0 -05 0.0 0.5 1.0 1.5
Iz

Massivecase:hyperboloids Masslesscase: lightcones

e

Buchtat al, JHEP11(2014)014; Rodrigo et #H{EP02(2016)044, JHEP08(2016)1¢




LTD/FDWpproach

Locationof IR singularitiesin the dual-space

~

A Theapplicationof LTDconvertdoop-integralsinto PSonesintegrationover
forward light-cones

A Onlyforward-backwardinterferences
originatethresholdor IR poles (other
propagatordoecomesingular irthe
integratiordomain

A Forwardforward singularitiegancelamong
dual contributions

A Threshol@nd IRsingularitiesssociatedvith
finite regiong(i.e.containedn a compact
region)

A No thresholdor IR singularity at large loop
momentum

A Thisstructuresuggestiiowto performreal-virtualcombinatiohAlso, how to
overcome threshold singularities (integrable but numerically unstable)

Buchtat al, JHEP11(2014)014: Rodrigo et #HEP02(2016)044, JHEP0O8(2016)1¢



LTD/FDWpproach

Locationof IR singularitiesin the dual-space

~

A Theapplicationof LTDconvertdoop-integralsinto PSonesintegrationover
forward light-cones

A Only forward-backwardinterferences
originatethresholdor IR poles (other
propagatordoecomesingular irthe
integratiordomain

A Forwardforward singularitiegancelamong
dual contributions

A Threshol@nd IRsingularitiesssociatedvith
finite regiong(i.e.containedn a compact
region)

A No thresholdor IR singularity at large loop
momentum

LY
A
b

threshold

A Thisstructuresuggestiowto performreal-virtualcombinationAlso, how to
overcome threshold singularities (integrable but numerically unstable)

Buchtat al, JHEP11(2014)014; Rodrigo et #H{EP02(2016)044, JHEP08(2016)1¢



LTD/FDWpproach toy model

Realvirtual momentummapping
A Supposene-loop scalarscatteringamplitudegivenby thetriangle(scalar

toy-model):
: MO (py, pai po)
. - : = i 0 A (D)
Virtual — l 1 P2: b3 - X = Re (M |M')
e P2 M (p1,p2;ps)) = —i g’ K (p1, p2, —ps)
i 1->2 oneloop process 1->3 with unresolvedextra-parton
4 Add scalartree-levelcontributions/ith oneextra-particle consider
Interferencderms
Pl
4
Real ; P, M (0, b, Pl p3)) = —ig?/sh, = Re (M MP M) = ngsf
3 ir “gr

f

P2
Generatel->3 kinematicstartingfrom1->2 configuratiorplustheloop
threemomentun/ !

p>

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160: JHEP10(2016)



LTD/FDWpproach toy model

Reatvirtual momentummapping

A Mapping of momentageneratel->3 real emissiokinematics3(external
on-shell momenta starting from the variables available in the dual
description ofl->2 virtual contribution2(external onshell momenta and
1 free threemomentum)

v Split the real phasepaceintot wo r e g i;,0 W& n d,)< y, Bto sepaiate
the possible collinear singularities

v Implement an optimized mapping in each region, to allow a fully local cancella
of IR singularities with those present in the dual terms

) ) 5o %] &1,0 ,
REGION 1: Pr=di Pl =Pi —q1 +uph, le_l—(l—vﬂEl,ﬂ Y12 =1—&0
’ 2
/ q
py=(l—a)ph, ar=g—=—, = =)= 610) o
q3 - P2 1—(1—v1) &0
/ f ’ . 1—w :
Py =45 Pl =1 —q toap;, Y1, =1 =& ’yzr:(l— —
REGION 2: 9 V2§20
Y=(1-a)pf Qp = =1 Y1 _ (1= &0) &0
D1 2)P1 2 2%, - p1’ 12 T 1,620

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160; JHEP10(2016)



LTD/FDWpproach toy model

Example massivescalarthreepoint function(DREG vs LTD)

A We combine the dual contributions with the real terms (after applying the
proper mapping) to get the total decay rate in the scalarrtuydel.

A The result agregzerfectlywith s
Standard DREG L — Analytical (DREG)

A Massless limitissmoothly 5| 4D unsubtracted (LTD)

approached due to proper
treatment ofguastcollinear

D

4L
configurations in thBV mapping = |

:I :
:
0.0 . .
S - m

Rodrigo et al, JHEP10(2016)1¢
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LTD/FDWpproach toy model

Locationof IR singularities quastcollinearlimit

A AboutthequasicollinearconfigurationgnassesegulatelRsingularities
butwe needsmoothransitionat INTEGRANDevelto guaranteea
smoothimitat INTEGRAIlevel

Gpl(g) = ¢ —mi +i0=0 mmm) ¢ = i\/q,,? +m? — i0

A Quasicollinear
configurationgead to
Log(n¥), whichissingular
in the massledamit

’’’’’’’

$o

Ve

A We requesta smooth
behaviounn the massless
limit

—kg \i\\ _k2 " ~
e — —— "B
Massive case: orshell hyperboloids ' Masslesscase: lightcones

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160: JHEP10(2016)
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LTD/FDWpproach multileg

Reatvirtual momentummapping (GENERAL)

A Realvirtual momentum mapping withmassiveparticles
A Consided theemitter, r theradiated particleand 2 the spectator
A Apply the PS partition and restrict to the only region whéreis

allowed (i.eR: = {y}, < miny,} ) 4 P )
A Propose the following mapping: - pl — o
/T P3 . P3 r
p’r T ql P2 II
A ~ %
pli=0—a)pi + (1 —m)ph —af| - o

Imposeon-shell conditionsto
determinemapping parameters

with p; massles®ur-vectorduild usin¢p; (simplifythe expressions

A Express the loop thremmentum with the same parameterization used
describing the dual contributions!

p‘%" = (X1 ﬁT + " ﬁé"’

Repeatn eachregionof the partitioné

Rodrigo et al, JHEP10(2016)1¢



LTD/FDWpproach renormalization

i Reference example: tmoint function with massless propagators

2 —€ 2
(D (p _p) — A Y A — |
L (p7 p) fﬂ?l:ll GF(Q@) E(]. — 26) ( [.L2 ?10) ;Iz

I

~

I]_ — —/ 6(q1) S
—2q1 - p+ p? G40 Toregularize
¢ ~ Q)\ threshold
Iy = _/ 0(g2) singularity
, ¢2q2-p+p*—i0

A Inthiscasetheintegrationregionsof dual integralsare two energydisplaced
forward light-conesThigntegralcontaingdJV polesonly!

A OBJETIVEDefine aUVtregularizedoop integral by adding unintegrated UV
counteiterms, and find a purely-dimensional representation of the loop
integral

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160: JHEP10(2016)



LTD/FDWpproach renormalization

Locationof UV singularitiesand local counterterms

A

A

A

Icnt_f 5(QUV) Bierenbaunet al.
£ 9

qQuv,o = \/q%v + ugy — 40

Divergences arise from the higiergy region (UV poles) and can be
cancelled with a suitable renormalization codteien. Forthe scalar
casewe use

Iff{? — 1 Becker, Reuschle, Weinzierl,
¢ (CI%V — M%V + 40)? JHEP 12 (2010) 013

Dual representatioméw: doublepolesin the
loop energy)

~

2 JHEP 03 (2013) 025
( (+) )
duv,o £

(+)

Loop integration for loop energies larger
thanp,,

£,
Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160: JHEP10(2016)



LTD/FDWpproach renormalization

UV countertermsand localrenormalization

A LTDmusbe appliedto deal withUV singularitiesby buildinglocal
versions of the usual UV counterterms.

A 1. Expandinternal propagators aroundtteUV pr opagat or O

1 = ! Becker, Reuschle, WeinzidHEP12(2010)013
g; —mi +10 Gorv — My + 10
2quy - sz\f + kfw — m? + ,u%w 2quv - ki v 2 -
X |1— ; 4 ( 3 ) Jro((q%v) 5/2)

Gt — 1y + 20 (atv — 1y +10)?

po2l

2: Apply LTD to get thdual representatiorfor the expanded UV
expression, andubtractit from thedual+real combinedntegrand

LTD extendedo deal with multiple poles
(useresidueformulato obtainthe dual representation

3

i 3: Takeintoaccountvave-function and vertex renormalizationconstants
(nottrivial inthe massivease!)

Rodrigo et al, JHEP10(2016)1¢



LTD/FDWpproach renormalization

UV countertermsand localrenormalization

A

p]

Selfenergycorrections witbn-shell renormalizationconditions

Sr(h = M) =0 )

=0
dp

h=M

Wavefunctiomenormalizatioconstanfooth IR and UVpoles):

AZy(p1) = —g5Cr ffGF(ql)GF(qB) ((d 2)(;1 iz + 4M? (lﬁi 1;2) GF(QB))

Vertexrenormalizatiofonly UV):

Ffﬁ'},}UV = g5 Cr /E(GF(Q‘UV))B [’y” duv I‘ff) duv v — dauv iy Ffm

Importantfeatures
A Integratedresultsaagrees with standard Usbuntetterms
A Smoothmasslesdimit!

Rodrigo et al, JHEP10(2016)1¢



Physicaéxample A* — qq(g) @NLO

Resultsand comparisonwith DREG

f———————————————————— —4 A Total decay rate for Higgs
Into a pair of massive
guarks:

A Agreement with the
standard DREG result

A Smoothly achieves the
massless limit

A Local version of UV
counterterms
succesfully reproduces
the expected
behaviour

A Efficient numerical
Implementation

—— Analytical (DREG)

0.5]
® 4D unsubtracted (LTD)

0.4

r(M,r)

030
02F

0.1F puy=1/2 H-qq

0.0 0.2 0.4 0.6 0.8

Rodrigo et al, JHEP10(2016)1¢



Physicaéxample A* — qq(g) @NLO

Resultsand comparisonwith DREG

A Total decay rate fa
vector particlento a pair
of massiveguarks:

A Agreement with the
standard DREG result

A Smoothly achieves the
massless limit

A Efficieninumerical
Implementation

A Cancellatiof UVI 0 ¢
—  Analytical (DREG) . (as i n DREC
® 4D unsubtracted (LTD)

-0.61
-0.8}

-1.0r

Logyo (r{Mr(0))

-1.2}

~1.4}

0.0 0.2 0.4 0.6 0.8

m

Rodrigo et al, JHEP10(2016)1¢



Physicaéxample A* — qq(g) @NLO

Importantremarks

i Thetotal decay-rate can beexpressedisingourelyfour-dimensional
integrands(whichare integrablefunctions)

i We recoverthetotal NLOcorrectionavoiding to deal with DREG (ONLY
usedfor comparisomvithknownresulty

A Main advantages
v Directnumericalimplementatio(integrablefunctionsor ¥=0)  \vith EDU

Finiteintegralfor s T Integrabilitywiths ' n IS true!

v No needof tensorreductionavoids the presenceof Gramdeterminants
whichcouldintroducenumericainstabilitiel

v Smoothtransitionto the massledamit(dueto the efficienttreatmeniof
guastcollinear configurations

v Mappedreal-contributionusedas afully local IRcountertermfor the
dual contributior

Rodrigo et al, JHEP10(2016)1¢



Physicaéxample Higgs@NLO

UsingLTD taregularizefinite amplitudes
A Applicationof LTD to computmeloop Higgsamplitudes:

gg — H H — ~v

i Theyare IR/UVfinite BUTstillnotwelldefinedin 4D!"Hiddencancellatiorof
singularitieseads topotentiallyundefinedresultgschemelependencB!)

A We startby defininga tensoibasisand projecting(@amplitudelevel):

ALD =53 AP T with
= >

) 2pi Py 2p Py 2ph Py -
512 512 512

i  Thenscalarcoefficients are dualized

A IMPORTANTIake intoaccountl-2 exchangesymmetrydifferent cutsand non
trivial cancellationy)

DriencourMangin Rodrigo and G.S., arXiv:1702.07581epph



