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It started four years ago. . .
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Outline of the Talk

The Taming of the Shrew

wherein the problem to be solved is introduced that looks
simple but de�es solution for years.

As You Like It (or As We Like It)

which introduces some popular Ansätze and provides
some justi�cation for one that we like most.

Measure for Measure

wherein it is shown how one can measure“nothing” and
learn from itsomething.

The Comedy of Errors

which showcases some results, discusses pitholes, and
compares the results to the Ansätze.

All's Well That Ends Well (?)

wherein some optimistic and pessimistic conclusions are
formulated.
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Formulation of the Problem

In the Schrödinger representation, one would like to �nd the vacuum wave functional (VWF):

	 0

h
ui

A(x); di
A(x); si

A(x); ci
A(x); bi

A(x); t i
A(x);Aa

� (x)
i

A = 1;2;3;4; i = 1;2;3; a = 1;2; : : : ;8; � = 0;1;2;3

A damn' di � cult, hopeless task:

– with six �avours of quarks with three colours, each represented by a Dirac spinor of four components, and with eight
four-vector gluons:104 �elds at each point in space and time (not taking gauge invariance into account).

Some simpli�cations:

– omit quarks;

– usetwo instead ofthree colours;

– discretize space;

– (maybe) go tolower dimensions.
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Formulation of the Problem

In the Schrödinger representation, one would like to �nd the vacuum wave functional (VWF):

	 0

h
ui

A(x); di
A(x); si

A(x); ci
A(x); bi

A(x); t i
A(x);Aa

� (x)
i

A = 1;2;3;4; i = 1;2;3; a = 1;2; : : : ;8; � = 0;1;2;3

A damn' di � cult, hopeless task:

– with six �avours of quarks with three colours, each represented by a Dirac spinor of four components, and with eight
four-vector gluons:104 �elds at each point in space and time (not taking gauge invariance into account).

Some simpli�cations:

– omit quarks;

– usetwo instead ofthree colours;

– discretize space;

– (maybe) go tolower dimensions.

Ĥ 	 0[A] = E0	 0[A] : : : Schrödinger equation

Ĥ =
Z

ddx

(

�
1
2

� 2

� Aa
k(x)2

+
1
4

Fa
i j (x)2

)

�
� ac@k + g� abcAb

k

� �
� Ac

k

	 [A] = 0 : : : Gauß' law
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What We Know : Free-Field Limit

If we setg ! 0, SchE reduces to that of (3 copies of)elec-
trodynamics and the solution is well-known:

	 0[A]
g=0
= N exp

2
66664�

1
4

Z
ddx ddy Fa

i j (x)

 
� ab

p
�r 2

!

xy

Fb
i j (y)

3
77775

The ground state is (must be)gauge-invariant , e.g.

	 0[A] = N exp

"

� 1
4

Z
ddx ddy Fa

i j (x) K ab
xy[�D

2] Fb
i j (y)

#

á J. A. Wheeler,Geometrodynamics, Acad. Press, NY–London, 1962.



The Tamingof the Shrew

Page 3b

Typeset using LATEX with baposter.cls QCD–TNT-III, ECT*, T rento , September 2–6, 2013 Presented by Štefan Olejn ík
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The ground state is (must be)gauge-invariant , e.g.

	 0[A] = N exp

"

� 1
4

Z
ddx ddy Fa

i j (x) K ab
xy[�D

2] Fb
i j (y)

#

á J. A. Wheeler,Geometrodynamics, Acad. Press, NY–London, 1962.

What We Know : Dimensional Reduction

At long distances –“magnetic disorder” :

	 0[A] = N exp

(

� 1
2�

Z
d3x Tr

h
Fi j (x)2

i )

Dimensional reduction:

W(C) = hTr[U(C)]i D=3+1 =
D
	 (3)

0

��� Tr[U(C)]
���	 (3)

0

E

� hTr[U(C)]i D=2+1 =
D
	 (2)

0

��� Tr[U(C)]
���	 (2)

0

E

� hTr[U(C)]i D=1+1 : : : area law ) con�nement!

But this cannot be the whole truth: some unwanted conse-
quences (e.g. Casimir scaling at all distance scales).

á J. P. Greensite,Nucl. Phys. B 158, 469 (1979).

á M. B. Halpern, Phys. Rev. D19, 517 (1979).

á M. Kawamura, K. Maeda, M. Sakamoto, Prog. Theor. Phys.97, 939

(1997), arXiv:hep-th/9607176.
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Weak Coupling Expansion

Just for illustration how complicated the problem is (even in d= 2 dimensions):

á S. Krug, A. Pineda, arXiv:1301.6922 [hep-th]; PoS (Con�nement X) 055 (2013); arXiv:1308.2663 [hep-th].
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The Proposal of Samuel

Almost 20 years ago,Samuel proposed a simple form, in-
terpolating between strong- and weak-coupling limits, and
estimated with its use the0++ glueball mass to be about
1.5 GeV:

	 0[A] = N exp

2
666666666664
� 1

4

Z
d3x d3y Fa

i j (x)

0
BBBBBBBBB@

1
q

�D 2 + m2
0

1
CCCCCCCCCA

ab

xy

Fb
i j (y)

3
777777777775

However, there may be a problem with this form: the adjoint
covariant laplacian needs to beregularized.

á S. Samuel, Phys. Rev. D55, 4189 (1997), arXiv:hep-ph/9604405.
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Z
d3x d3y Fa

i j (x)

0
BBBBBBBBB@

1
q

�D 2 + m2
0

1
CCCCCCCCCA

ab

xy

Fb
i j (y)

3
777777777775

However, there may be a problem with this form: the adjoint
covariant laplacian needs to beregularized.

á S. Samuel, Phys. Rev. D55, 4189 (1997), arXiv:hep-ph/9604405.

The Eigenvalue Spectrum of �D 2

�D 2 has a positive de�nite spectrum, �nite with a lattice
regularization, with the lowest eigenvalue tending to in�nity
for typical con�gurations in the continuum limit.

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 10  15  20  25  30

l 0

b

all b values, L from 32 to 72

data
fit: 1.21/b1.44

lim
� !1

� 2� 0(� ) ! 1
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The GO Proposal

With somewhat di� erent motivation, we proposed a simple
form with a seemingly small, but crucial di� erence from that
of Samuel:

	 0[A] = N exp

2
666666666664
� 1

4

Z
d3x d3y Fa

i j (x)

0
BBBBBBBBB@

1
q

�D 2
R + m2

1
CCCCCCCCCA

ab

xy

Fb
i j (y)

3
777777777775

whereD k[A] andD 2 = D k � D k are the covariant derivative
and covariant laplacian in the adjoint representation:

�
�D 2

� ab

xy
=

3X

k=1

h
2� ab� xy � U ab

k (x)� y;x+k̂ � U yba
k (x � k̂)� y;x� k̂

i

U ab
k (x) = 1

2Tr
h
� aUk(x)� bUy

k(x)
i

D 2
R = D 2 � � 0

� 0 the lowest eigenvalue of(�D 2), andm a free mass param-
eter.

In D = 2 + 1 Dimensions

The analogous form of the VWF seems afairly good ap-
proximation to the true ground state of the theory:

– analytic arguments,

– direct computation of some physical quantities in ensembles of true

MC con�gurations and those distributed according to the square of

the GO VWF,

– consistency of measured probabilities of test con�gurations with ex-

pectations based on the proposed VWF.

á J. Greensite, ŠO, Phys. Rev. D77, 065003 (2008), arXiv:0707.2860

[hep-lat].

á J. Greensite, ŠO, Phys. Rev. D81, 074504 (2010), arXiv:1002.1189

[hep-lat].

á J. Greensite, H. Matevosyan, ŠO, M. Quandt, H. Reinhardt,

A. P. Szczepaniak, Phys. Rev. D83, 114509 (2011), arXiv:1102.3941

[hep-lat].
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Zero -M ode, Strong -Field Limit

Keep only the zero-mode of the A-�eld, i.e. �eldsconstant in space,
varying in time , and assumeA large (jgAj2 � m2). Denote:

` 2 = ~A2
1 + ~A2

2 + ~A2
3

S2 = ( ~A1 � ~A2)2 + ( ~A2 � ~A3)2 + ( ~A3 � ~A1)2

V 2 =
h
~A1 � ( ~A2 � ~A3)

i 2

The lagrangian and hamiltonian, in a �nite volume V, are:

L =
1
2

V

2
666664

X

k

@t
~Ak � @t

~Ak � g2S2

3
777775

Ĥ = �
1

2V

X

k

@2

@~Ak � @~Ak

+
1
2

g2VS2

Natural choice –1=V expansion:

	 0 = exp[� VR0 + R1 + V � 1R2 + : : :]

T0 � V

2
666664�

X

k

@R0

@~Ak

�
@R0

@~Ak

+ g2S2

3
777775= 0

The solution is:

R0 = 1
2g

S2

`

since

T0 = 0 + g2V

 
7S4

4` 4
�

3V 2

` 2

!

= 0 + O
� 1
V

�

~A1 = (a1
1; a

2
1;A

3
1)

~A2 = (a1
2; a

2
2;A

3
2)

~A3 = (a1
3; a

2
3;A

3
3)

VR0 � gV
a2A 2

A
� O (1) ) a �

1
p

gA V
: : : “abelian valley”

In the proposed VWF	 0 = exp(� Q) we have, in this limit:

Q � 1
4gV( ~A i � ~A j)a

 
� ab

`
�

� a3� b3

`
+

� a3� b3

m

!

( ~A i � ~A j)b

Q1� gV
( ~A i � ~A j) � ( ~A i � ~A j)

`
� gVA a2 � O (1)

Q2 or Q3 �
gV( ~A i � ~A j)3( ~A i � ~A j)3

` or m
�

gVa4

A or m
� O

�
V � 1

�

and the same result as above is obtained in the leading order.
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The Approach of Karabali , Kim & N air

Matrix parametrization (d= 2):

A (
 )
j = 
 A j
 � 1 � 
 0j
 � 1

= 
 A jMM � 1
 � 1 � 
 0jMM � 1
 � 1 = 
 A jM (
 M )� 1 � 
 0jM (
 M )� 1

A (
 )
j = � (
 M )0j(
 M )� 1 + 


h
M 0j + A jM

i
(
 M )� 1

Introduce:

A � 1
2 (A1 + iA2) @� 1

2 (@1 + i@2) @� 1
2 (@1 � i@2)

A (
 ) = � @(
 M )(
 M )� 1 + 
 [@M + AM ] (
 M )� 1
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The Approach of Karabali , Kim & N air

Matrix parametrization (d= 2):

A (
 )
j = 
 A j
 � 1 � 
 0j
 � 1

= 
 A jMM � 1
 � 1 � 
 0jMM � 1
 � 1 = 
 A jM (
 M )� 1 � 
 0jM (
 M )� 1

A (
 )
j = � (
 M )0j(
 M )� 1 + 


h
M 0j + A jM

i
(
 M )� 1

Introduce:

A � 1
2 (A1 + iA2) @� 1

2 (@1 + i@2) @� 1
2 (@1 � i@2)

A (
 ) = � @(
 M )(
 M )� 1 + 
 [@M + AM ] (
 M )� 1

A = � (@M )M � 1 ) M (
 ) = 
 M

det(M ) is a function ofz � x + iy;
one can choosedet(M ) = 1;M 2 SL(N;C):

H � M yM is gauge invariant, 	 = 	 [H]:

Jakobian of the transformation leads to appearance of a WZW-like term
in the action.

Wavefunctional expressed in terms of still another variable:

Ja � Tr
�
Ta(@H)H � 1

�
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A (
 ) = � @(
 M )(
 M )� 1 + 
 [@M + AM ] (
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A = � (@M )M � 1 ) M (
 ) = 
 M

det(M ) is a function ofz � x + iy;
one can choosedet(M ) = 1;M 2 SL(N;C):

H � M yM is gauge invariant, 	 = 	 [H]:

Jakobian of the transformation leads to appearance of a WZW-like term
in the action.

Wavefunctional expressed in terms of still another variable:

Ja � Tr
�
Ta(@H)H � 1

�

“KKN I nspired ” A nsatz

It is argued that the part bilinear in �eld variables has the form:

	 0[A]� exp

2
66664�

1
2g2

Z
d2x d2y Ba(x)

 
1

p
�r 2 + m2 + m

! ab

xy

Bb(y)

3
77775

We will test also the following“KKN inspired” form:

	 0[A] = N exp

2
666666666664
� 1

4

Z
d3x d3y Fa

i j (x)

0
BBBBBBBBB@

1
q

�D 2
R + m2 + m

1
CCCCCCCCCA

ab

xy

Fb
i j (y)

3
777777777775

However, such a form hasnever been proposed by KKN in their papers,
it's just our own speculation.

á D. Karabali, C. Kim, V. P. Nair, Phys. Lett. B434, 103 (1998), arXiv:hep-th/9804132.
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The Relative Weight M ethod

The squared VWF is given by the path integral:

	 2
0[U

0] =
1
Z

Z
[DU] � g f(U0)

Y

x;i

� [U i(x; 0) � U0(x)]e� S[U]

Therelative weight method enables one to compute ratios
	 2

0[U
(n)]=	 2

0[U
(m)] for con�gurations belonging to a �nite

setU =
n
U ( j)

i (x); j = 1;2; : : : ;M
o

(close in con�g'n space).

Use MC simulations with the usual update algorithm (e.g.
HB) for all spacelike links at t, 0 and for timelike links.

Update the spacelike links at t= 0 all at once selecting one
con�guration from the setU at random and accept/reject it
via Metropolis. Then:

	 2
0[U

(n)]

	 2
0[U

(m)]
= lim

Ntot !1

Nn

Nm

Nn (Nm) is the number of times the n-th (m-th) con�guration
is accepted, and Ntot is the total number of updates.
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The Relative Weight M ethod

The squared VWF is given by the path integral:
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0[U

0] =
1
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Z
[DU] � g f(U0)

Y
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� [U i(x; 0) � U0(x)]e� S[U]

Therelative weight method enables one to compute ratios
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0[U
(n)]=	 2

0[U
(m)] for con�gurations belonging to a �nite

setU =
n
U ( j)

i (x); j = 1;2; : : : ;M
o

(close in con�g'n space).

Use MC simulations with the usual update algorithm (e.g.
HB) for all spacelike links at t, 0 and for timelike links.

Update the spacelike links at t= 0 all at once selecting one
con�guration from the setU at random and accept/reject it
via Metropolis. Then:

	 2
0[U

(n)]

	 2
0[U

(m)]
= lim

Ntot !1

Nn

Nm

Nn (Nm) is the number of times the n-th (m-th) con�guration
is accepted, and Ntot is the total number of updates.

An Example

If the VWF is assumed to be of the form

	 2
0[U] = N e� R[U]

then the measured values of� log(Nn=Ntot) should fall on a
straight line with unit slope as function of Rn � R[U (n)].

 0

 1

 2

 3

 4

 5

 6

 0  1  2  3  4  5  6

-lo
g(

N
n/

N
to

t)+
0.

59
2

Rn

Non-abelian constant conf'ns, b=2.3, 204 lattice

data

� log(Nn=Ntot) vs. Rn = �� n for U NAC with � = 0:14; � = 3:21(5).

á J. Greensite, J. Iwasaki, Phys. Lett. B223, 207 (1989).
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Non -Abelian Constant Configurations

U NAC =

(

U (n)
k (x) =

q
1 � (a(n))2 1 + ia(n)� k

)

a(n) =
� �
6L3

n
� 1=4

; n = 1;2; : : : ;10

Abelian Plane -Wave Configurations

U APW =

(

U ( j)
1 (x) =

r

1 �
�
a( j)

n (x)
� 2

1 + ia( j)
n (x)� 3;

U ( j)
2 (x) = U ( j)

3 (x) = 1

)

; n = (n1; n2; n3)

a( j)
n =

r
� n +  n j

L3
cos

� 2�
L

n � x
�
; j = 1;2; : : : ;10
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Non -Abelian Constant Configurations

U NAC =

(

U (n)
k (x) =

q
1 � (a(n))2 1 + ia(n)� k

)

a(n) =
� �
6L3

n
� 1=4

; n = 1;2; : : : ;10

Abelian Plane -Wave Configurations

U APW =

(

U ( j)
1 (x) =

r

1 �
�
a( j)

n (x)
� 2

1 + ia( j)
n (x)� 3;

U ( j)
2 (x) = U ( j)

3 (x) = 1

)

; n = (n1; n2; n3)

a( j)
n =

r
� n +  n j

L3
cos

� 2�
L

n � x
�
; j = 1;2; : : : ;10

Fits for Non -Abelian Constant Configurations

� log(N (n)=Ntot) = R(n)
n = � n � �

Fits for Abelian Plane -Wave Configurations

� log(N ( j)
n =Ntot) = R( j)

n = 1
2(� n +  n j) � ! (n)

! (n) =

8
>>>>>>>>><
>>>>>>>>>:

bk2(n) : : : dim. reduction

ck2(n)
p

k2(n) + m2
: : : GO proposal

ck2(n)
p

k2(n) + m1
2 + m2

: : : “KKN inspired”

with k2(n) = 2
X

i

�
1 � cos

2� ni

L

�
:
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Callibrating the M ethod : Non -Abelian Constant Configurations

Not useful to distinguish between DR and GO wave-functionals:

X

x

X

y

Ba
i (x)

� �
�D 2

R + m2
� � 1=2

� ab

xy
Bb

i (y) �
2
m

Ssp

 0.1

 1

 10

 0  0.5  1  1.5  2  2.5  3
m

b

164 lattice
204 lattice
b
AF

Memory refresher from the paper of Greensite and Iwasaki.Variation of� with � , data from164 and204 lattices.
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Abelian Plane Waves: How ! (n) is Extracted

For eachn we choose a suitable pair of parameters� n and n; ! (n) is theslope of
h
� log(N ( j)=Ntot)

i
vs. 1

2(� n +  n j).

Two examples of results:

 1

 1.5

 2

 2.5

 3

 3.5

 4

 10  12  14  16  18  20

-lo
g(

N
j/N

to
t)

xj=0.5(a+gj), a=17.5, g=2.5

Abelian plane waves, b=2.4, 244 lattice, n=(0,1,0)

data
-0.495+0.194 xj

 1.8

 2

 2.2

 2.4

 2.6

 2.8

 3

 0.5  0.6  0.7  0.8  0.9

-lo
g(

N
j/N

to
t)

xj=0.5(a+gj), a=0.73, g=0.11

Abelian plane waves, b=2.5, 304 lattice, n=(0,1,5)

data
0.975+2.07 xj
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Abelian Plane Waves: Linearity Check

Eight data sets with di� erent pairs of parameters� n and n; the neighbouring sets share a common point, values are adjusted
so that the value in that point is the same in both sets.

 0

 2

 4

 6

 8

 10

 12

 14

 16

 0  1  2  3  4  5  6  7  8  9

-lo
g(

N
j/N

to
t)

xj=0.5(a+gj), 8 data sets

Abelian plane waves, b=2.3, 244 lattice, n=(0,2,3)

The slope varies by about 1% only, between 1.523 and 1.539.
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Abelian Plane Waves: DR and GO Fits

! (n) =

8
>>>><
>>>>:

bk2(n) : : : dim. reduction

ck2(n)
p

k2(n) + m2
: : : GO proposal

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 0  0.5  1  1.5  2

w

k

b=2.5, 304 lattice

data
2.58 k2/(k2+0.762)1/2

0.077+1.97 k2

! vs. k, DR and GO �ts.

Abelian Plane Waves: “KKN I nspired ” F its

! (n) =
ck2(n)

p
k2(n) + m1

2 + m2

: : : “KKN inspired”

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 0  0.5  1  1.5  2

w

k

b=2.5, 304 lattice

data
3.16 k2/((k2+0.4482)1/2+0.448)
3.98 k2/((k2+0.002252)1/2+0.946)

! vs. k, “KKN inspired” �ts.
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Abelian Plane Waves: Best Fit

Improvement witha single additional �t parameter :

! (n) =
ck2(n)

p
k2(n) + m2

�
1 + dk(n)

�
: : : a guess

This would correspond in the continuum limit to:

	 0[A] = N exp

"

� 1
4

Z
ddx ddy Fa

i j (x) K ab
xy[�D

2] Fb
i j (y)

#

with

K ab
xy[�D

2] /

0
BBBBBBBBB@

1
q

�D 2
R + m2

ph

+ dph

vt
�D 2

R

�D 2
R + m2

ph

1
CCCCCCCCCA

ab

xy

�D 2
R = �D 2 � � 0;ph � 0;ph = � 0=a2

dph = da mph = m=a

 0

 1

 2

 3

 4

 5

 6

 7

 0  0.5  1  1.5  2

w

k

b=2.5, 304 lattice

data
1.13 k2 (1+0.881 k)/(k2+0.322)1/2

! vs. k, best (= guessed) �t.
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Consistency of NAC and APW D ata

For small-amplitude constant con�gurations one can de-
rive:

� NAC �
2c
m

Are values of� NAC extracted from data for sets of non-abelian
constant con�gurations consistent with2cAPW=mAPW ob-
tained from data for abelian plane waves?

We compare� NAC (� ) f (� ) to (2cAPW=mAPW ) f (� ), where

f (� ) =

 
6� 2�

11

! 51
121

exp

 

�
3� 2�

11

!  0

 0.01

 0.02

 0.03

 0.04

 0.05

 2.2  2.3  2.4  2.5

(2
c/

m
) 

f(
b)

b

APW, L=24
L=30

m f(b), NAC, L=20

Scaling behaviour of(2cAPW =mAPW ) f (� ); the band shows� NAC (� ) f (� ) = 0:0269(3).
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Scaling Behaviour of the Best-Fit Parameters

 0
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 0.6
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 2.2  2.3  2.4  2.5

m
/f(
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b
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L=30

c(� )
(?)
! const., 0 mph / m(� )=f (� )

(?)
! const., 0
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Scaling Behaviour of the Best-Fit Parameters
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d 
f(
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! const., 0 dph / d(� ) f (� )
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Summary: M inuses

The method works reasonably well for con�gurations rather
close in con�guration space.

Neither the DR form, nor our proposal, nor the “KKN in-
spired” forms of the VWF describe data satisfactorily for
larger plane-wave momenta.

The con�gurations tested so far, NAC and APW, are rather
atypical, not representatives of true vacuum �elds.

One would need a method of generating con�gurations dis-
tributed according to the proposed vacuum wave functionals.
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Summary: Pluses

There is a method to measure (on a lattice) relative probabili-
ties of various gauge-�eld con�gurations in the YM vacuum.

Both for NAC and for long-wavelength APW the measured
probabilities are consistent with the dimensional reduction
form, and the coe� cients� for these sets agree.

The data are nicely described by a modi�cation of our pro-
posal, and the correction term may vanish in the continuum
limit.

á J. Greensite, ŠO, “Numerical study of the Yang–Mills vacuum wave-

functional in D = 3 + 1 dimensions,” in preparation.


